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Saint-Venant's principle in the context of plane elastostatics has been investigated by many authors [1] [2] [3] [4] [5] . Various types of arguments are employed to establish energy decay estimates for the resulting biharmonic equation in a semifinite strip. It is, however, not yet known how to employ a simple technique to yield a sharp decay rate-one which approximates the exact decay rate and makes effective application of Saint-Venant's principle possible.
Although the analogous three-dimensional biharmonic problem does not have the same elasticity interpretation as its counterpart in the plane, it is nevertheless of mathematical interest to try to extend the decay results in R2 to analogous results in R3. In this paper, we derive and compare decay estimates using both direct analogues of known arguments for the two-dimensional case and new techniques. In §3 we derive exponential decay estimates for the first-order energy and the second-order energy. Then we establish an alternate energy decay estimate in §4. An equivalence between the first-order energy and the second-order energy is derived in §5. Finally, we establish upper bounds for the total energies in terms of the given boundary data on the finite end. As we shall see, although there is an obvious similarity between the plane biharmonic equation and the spatial biharmonic equation, our arguments in this paper are quite different from those of [1] [2] [3] , Meanwhile, the techniques and results of this paper could be extended to the case of arbitrary dimension.
2. Preliminary results. Let R be the interior of a semi-infinite cylinder whose cross section D is bounded by one or more piecewise smooth simple closed curves. Choose Cartesian coordinates x{, x2, and x} with the origin as one end of the cylinder and the x3-axis parallel to the generator. Let 0 be a smooth solution of the biharmonic equation 
In what follows, we shall assume that a solution of the system (2.1)-(2.5) which is four times continuously differentiable on the closure R of R exists. The point sets {(x,, x2, x3)|(x,, x2, x3) € R, x3 > z > 0} are denoted by Rz, and so R0 = R . For each fixed z > 0, £>, denotes the cross section of R containing the points (Xj , x2, z).
Before proceeding to establish the main results, it is convenient to assemble here some auxiliary results. Lemma 2.1. Let 4> be a solution of the system (2.1)-(2.5); then Dx4>\gD = 0, where Dx4> denotes the gradient of (f> with respect to (x,, x2). Lemma 2.1 is obvious, and Lemma 2.2 is the direct analogue of the two-dimensional result (see, e.g., Horgan [3] ). Now, let us recall some Poincare inequalities required in subsequent calculation. where A, is the first eigenvalue in the two-dimensional fixed membrane problem. A lower bound for A, is given by the Faber-Krahn inequality [8] A, > njl/\D\ where j0 is the smallest positive zero of the Bessel function J0(y) U0 = 5-783) and |Z)| represents the area of domain D.
(ii) If cp(xl, x2) 6 C2(D), <p = Dtp = 0 on dD, then f 9,a9.adx lA> ^ ^1^2-(2"10)
Here A > X2 , where a2 is the second eigenvalue in the fixed membrane problem [9] , (iii) If <p(xx, x2) satisfies the same conditions as in (ii), then J^<p2dxldx2<^J^<paptpafidxldx2 (2.11)
where Q > > k2Xx [9] .
3. Exponential decay estimates for the E{(z) and E2(z). We define
We call £,(z) the first-order energy and E2(z) a second-order energy. We first derive exponential decay for E2(z); then we show that Ex(z) has the same decay rate as E2(z) . It is clear that
_2Hz fD ^><*0^>ap + <f>i3)dA (3.3) and E'l(z) = ~ f <l>,ij3<l>,ij3dA-(3*4)
We now establish Making use of the arithmetic geometric mean inequality once again, we get
Then, using inequalities (2.9)-(2.11), we get e2(z) + kx;II2e'2(z) < X\x'2 (-K + l + ^J^ 4>2333
Now, we choose appropriate positive constants e, /?, 7, and /C such that Among all such constants satisfying the constraints (3.11)-(3.13), we desire the choice that minimizes K and so, by (3.7), maximizes the estimates decay rate of E2(z) . Since, from (3.13), a lower bound for K is 2 2+V~2>V~2' the smallest value of K will be not less than sfl. If we make the choice
then it is easily seen that /sT = 72 + ^ = 1.514.
Hence, from (3.7), we conclude that E2(z) satisfies the differential inequality
Inequality (3.5) follows by integrating (3.14). To establish (3.6), we recall (3.3); it follows that -\tz J^.afit.afi + txWZEWe-0-66^1. 
which is (3.6).
4. An alternative energy estimate. In [7] the authors introduced a weighted energy integral in treating a similar problem for the Navier-Stokes equations. It has some advantages particularly in dealing with more complicated equations. We make use of this technique in this section to derive alternative energy estimates.
We first define the weighted energy EJz) = J™ jf ({ -zry^dV.
where a is a positive parameter. Since we already know that £\(z) decays exponentially, we know that this weighted integral exists.
Obviously, we have Efa(z) = -(2 + a)f (£-z)Q+y,7f,7</F. where h is the width of the member. Thus for a large the decay rate K{ approaches 2^/2/\lnh~{ . But it is not as sharp as those found by Knowles [1] or Horgan [3] .
5. The equivalence and bounds of energies. In [1] Knowles introduced the "higherorder energy" E2(z) for the biharmonic equation in a semi-infinite strip. His aim was to make use of a judicious combination of El(z) and E2(z) in order to improve the energy decay rate. It is easy to show that Ex(z) and E2(z) have the same decay rate, since there exists an equivalence between Ex(z) and E2(z). If we take r = 1, we are led finally to the conclusion of Theorem 5.4.
